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Computation of Trailing-Edge Noise Due to Turbulent
Flow over an Airfoil

Assad A. Oberai,” Farzam Roknaldin,’ and Thomas J. R. Hughesjf'
Stanford University, Stanford, California 94305-4040

Application of the variational formulation of Lighthill’s acoustic analogy to trailing-edge noise is considered.
Use is made of this formulation to study the effect of finiteness of the chord and the variation of far-field pressure
directivity with frequency. Numerical analytical solution results are validated for certain limiting cases. Use is also
made of this methodology to calculate the far-field acoustic pressure for a low-Mach-number turbulent flow. To
determine the acoustic sources for this problem, we employ an unstructured mesh, large eddy simulation of the

incompressible Navier-Stokes equations.

Nomenclature

radius of the quadrupole source in model problem
coefficients in the exterior expansion of pressure
sound speed in quiescent medium
time-averaged pressure coefficient

exponential function

acoustic source term, V - (V- T)

Heaviside function

Sobolev space of functions with first derivatives
Hankel function of the first kind

J-1

nondimensional wave number, oM

modified wave number, /(k* — )

chord length

Mach number

unit outward normal, (ny, n,, n.)

fluid pressure

incompressible solution of the model
quadrupole problem

diffracted component of acoustic pressure
incident component of acoustic pressure
reflected component of acoustic pressure
scattered component of acoustic pressure
center of quadrupole sources

Reynolds number, poo o L /1t

radial coordinate, /(x% + y? + z2)

radial coordinate, v/(x% + y?)
Dirichlet-to-Neumann map

Lighthill’s turbulence tensor

components of Lighthill’s turbulence tensor
fluid velocity vector, (i, v, w) = (uy, Uy, u3)
skin-friction velocity

freestream fluid velocity

space of weighting functions and trial solutions
weighting functions

right-handed coordinate system

wet surface of the airfoil

(x, y) extent of the wet surface of the airfoil
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truncating curve

spanwise wave number

Dirac distribution

polar angle, tan~! (y /x)

acoustic wavelength

viscosity

mean fluid density

domain exterior to the airfoil

(x, ) extent of the domain exterior to the airfoil
truncated two-dimensional domain
exterior to the airfoil
nondimensional angular frequency
L,—inner product on Q¢

L,—inner product on I'g

spanwise and time average

outer product symbol
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Superscripts

Fourier transformin time
A = Fourier transform in time and spanwise coordinate

Introduction

HE problem of noise generated by turbulent flows over struc-

tures is important in the design of submarines, surface ships,
airplanes, and automobiles. A canonical problem that occursin sev-
eral of these application areas is one of noise generated by low-
Mach-number, turbulent flow over a lifting surface (a hydrofoil or
airfoil). For this problem, the trailing edge of the airfoil plays an im-
portantrole in the propagationof noise to the far field, and thus, the
problemis commonly referredto as the trailing-edgenoise problem.
In this paper, we solve this problem using a computationalacoustics
formulation developed in our previous work.!

Low-Mach-number aeroacoustic problems are solved efficiently
employing Lighthill’s acousticanalogy? In this approach, the orig-
inal problem is decomposed into two parts, one that involves the
solution of the Navier-Stokes equations to determine the unsteady
fluid variables and another that involves the solution of an acoustic
problem driven by quadrupole sources whose distribution is deter-
mined by the components of Lighthill’s turbulence tensor. This ten-
sor is constructed from the unsteady flowfield computedin the fluid
calculation.If the effectof compressibilityis retainedin the fluid cal-
culation, then the acoustic problem may be solved using the Ffowcs
Williams and Hawkings equation* This equation requires only the
knowledge of the free-space acoustic Green’s function and may be
used to solve problems involving structures with complex geome-
try with relative ease. For an application of Ffowcs Williams and
Hawkings equation to the trailing-edgenoise problem, the reader is
referred to Refs. 5 and 6.

From a computational standpoint, it is often preferable to ignore
the effects of compressibility for low-Mach-number turbulent
flows and to solve the incompressible Navier—Stokes equations to



OBERAI, ROKNALDIN, AND HUGHES 2207

construct Lighthill’s turbulence tensor. The advantages of doing so
are twofold. First, an incompressible turbulent calculation (using
large-eddy simulation, for instance) is computationally less inten-
sive than a corresponding compressible calculation. Second, this
leads to a formulation wherein the effect of compressibility appears
only in the acoustic equations. Thus, to determine the acoustic re-
sponse for a range of sufficiently small Mach numbers, the same
Lighthill’s tensor may be utilized in the acoustic analogy, thereby
implying that only a single fluid calculation need be performed.
This significantly reduces the computational effort associated with
the overall analysis.

For cases where Lighthill’s tensor is constructed from incom-
pressible fluid calculations, the application of the Ffowcs Williams
and Hawkings equation yields incorrect acoustic results except in
the long wavelength limit. (For a discussion, see Refs. 6 and 7.)
To solve the acoustic problem consistently, it becomes necessary to
treat the structureas “sound-hard.” Typically this is accomplishedby
constructing and using sound-hard Green’s functions for simplified
structures that approximate the geometry of the original structure.
Clearly the accuracy of the solution obtained using this approach is
limited by the approximationsincurred when simplifying the origi-
nal structure. The readeris referred to Refs. 7-12 for applicationsof
thisapproachto the trailing-edgenoise problem. An approachwhere
no such assumptions are made was proposed by Oberai et al.! In
this approach, a variational formulation of Lighthill’s acoustic anal-
ogy was developed and solved numerically using the finite element
method. In addition to modeling complex structures, this methodol-
ogy allowed for the structure to be flexible. In the present paper, we
consider the application of this approach to the trailing-edge noise
problem when the airfoil is treated as sound-hard.

We consider two problems. In the first problem, we use simpli-
fied quadrupole sources to investigate the effect of finite chord on
far-field noise and the variation of far-field pressure directivity as
function of frequency. In the second problem, we use a distribu-
tion of quadrupole sources obtained by solving the incompressible
Navier—Stokes equations for a turbulent flow to determine far-field
acoustic pressure. In the fluid calculation, we use large-eddy sim-
ulation (LES) to model turbulence. The philosophy of LES is to
solve the filtered Navier-Stokes equations for the relatively large,
energetic scales of turbulence and to model the effect of unresolved
scales (so-called subgrid scales) on the resolved scales. The fluid
calculationyields velocities varying in space and time that are used
to construct Lighthill’s turbulence tensor. This approach of using
an LES calculation to construct sources for the acoustic problem is
relatively new. (For precedents, see Refs. 13—15.) The advantage of
this approach over using turbulent wall-pressure spectra models is
its applicability to flows with complex features such as separation,
reattachment, and turbulentboundary layers under adverse pressure
gradients. The example problem under considerationcontains all of
these features.

Our solution of the trailing-edge noise problem is novel in the
following aspects:

1) In the acoustic problem, noise sources are determined using
LES, and at the same time full account is taken of the finiteness of
the chord. Previous studies have incorporatedonly one of these two
aspects.

2) Previous studies that do take into account the finiteness of the
chord (for example, Ref. 12) do not model the effect of the detailed
geometry. In our approach, such effects are included because the
geometry of the airfoil is not simplified when solving the acoustic
problem.

The remainder of this paper is organized as follows. In the fol-
lowing section, we describe the overall problem formulation and a
simplification in the acoustic problem that results when calculat-
ing the far-field pressure. Thereafter, we solve a trailing-edge noise
problem with simplified acoustic sources, followed by the calcula-
tion of noise induced by turbulent flow over an airfoil. We end with
concluding remarks.

Problem Formulation

We wish to calculate noise generated by low-Mach-number
unsteady/turbulent flows over an airfoil. Using Lighthill’s acous-

tic analogy, this problem is split into two parts. First, we solve
the incompressible Navier—Stokes equations over a time interval of
interest given by (0, T'), to determine the unsteady velocity field.
These equations are given by

u,+V-w®u) =-Vp+1/Re)Vu+f in Q@ (1)

Vou=0 in 2)

along with appropriateboundary and initial conditions. We let x de-
note the streamwise direction, let z denote the spanwise direction,
and select y so that (x, y, z) forms a right-handed Cartesian coordi-
nate system. The center of the coordinate system is chosen so that
the trailing edge of the airfoil is on the line (0, 0, z), z € (—00, 00).
Furthermore, in Eqgs. (1) and (2), u = (u,, u, u3) = (u, v, w) is the
velocity vector, nondimensionalizedby the freestream velocity u
and p is the pressure, nondimensionalizedby p,,uZ..

After integrating Egs. (1) and (2) in time, we solve for p, the
Fourier transform of the acoustic pressure p. The equations for p
fora givennondimensionalangularfrequency w are given by (details
in Refs. 1 and 2)

V% —kp=f=v-(V-T) in Q (3)
Vp-n=0 on I 4)

35
Km r(—p—ikﬁ>=0 (5)

r— 00 ar

where T is Lighthill’s turbulence tensor, whose components are
given by

=u;u; (6)

and atilde overa quantityindicatesits Fourier transform with respect
to time.
Remark: For the given problem, 2 and I" may be separated as

Q = x (—00, 00) (7
[ =T x (—00, 00) ®)

where Q2 is a two-dimensional domain exterior to I", a curve that
represents the profile of the airfoil. In the following development,
we will make use of this decomposition to simplify the acoustic
problem.

Far-Field Approximation

In the acoustic problem (3-5), the sound-hard boundary condi-
tion (4) is independent of the z coordinate, and the domain 2 and
the surface I' may be separated as in Eqgs. (7) and (8), respectively.
Hence, we may apply a Fourier transform in the z direction to sim-
plify this problem. In the following development, we make use of
this transformto arrive at a simplified versionof the originalacoustic
problem for far-field pressure on the z = 0 plane.

For a given variable it, we let &2 denote its Fourier transform with
respect to the z direction, that is,

wx,y,y) =/ i(x,y,z)e"" dz €))
The Fourier transform of Eqgs. (3-5) yields
92 02 ) N -

- E’La_yz p—kp=7f in Q (10)
ap ap -
L+, 20 on T (11)
0x ay -

. ofap .
,lin;”(E_lkVp) =0 (12)
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Outside a circle that encloses the airfoil, p can be expressed as

00

PF6.7) = Y a,()HD (ke (13)

n=-—00

where H'"(x) represents the nth-order Hankel function of the first
kind in the argument x and the coefficients a, (y) are determined
by solving Eqgs. (10-12). Utilizing this representation and the def-
inition of the inverse Fourier transform, we arrive at the following
expression:

~ = 1 * . =\ ,in iyz
p(r,0,z) = E |: Z a,,(y)Hrfl)(kyr)e 9:|ey‘dy (14)

In the limit x — 0o, Hankel functions may be expressed as
HO(x) ~ ¢, (e /) (15)

See, for example, Ref. 16, page 364. The exact value of ¢, is not
important to our development and will not appear in the final result.
Utilizing this expressionin Eq. (14) for ¥ — oo and z = 0, we arrive
at

- 1 - ; “a,(y) . -

r,0,0) x —= c e’ ——efd 16
p(”)hﬁn;@" e e
In the limit 7 — oo, the integrand of each integral in the preceding
sum is the product of a slowly varying function, a, (y)/+/k,, and
a rapidly varying function, e’*»”. Thus, the method of stationary
phase may be used to approximate this integral. The application of
this method yields the following expression for p:

i iki _0©
em/4 ezkr

N

p(r,0,0) =

a,(0)c,e™ (17)

n=-00

(See Junger and Feit,!” pages 175, 176, for a similar development.)
Also, for r — oo, from Eqgs. (13) and (15), we have

ikr o)
P(F.0.0) ~ jk_ Y 4,0, (18)
r =—00

which along with Eq. (17) yields

p(r,0,0) ~ p(r,0,0)[(1 +i)/2]\ k/=F (19)

Thus, to calculate p(7, 8, 0) in the far field, we first solve Egs. (10—
12) for y =0 to obtain p(#, 6, 0) and then utilize Eq. (19).
Remark: The final result (19) provides a formula to calculate the
far-field pressure for z =0 that replaces the solution of the original
three-dimensional problem, namely, Eqs. (3-5), with a solution of
a two-dimensional problem, namely, Eqs. (10-12) for k, =k, =k.

Solving for p

In Egs. (10-12), p is the solution to an exterior acoustic problem
wherein the structure is treated as sound-hard. To solve this problem
for arbitrarily shaped structures, we use the methodologydescribed
in Ref. 1. We begin by posing an equivalentproblem on a truncated
domain Qg, namely,

2 2 L s _
—<ﬁ a—y2>17 —k,p=f in Q (20)

3p  8p _
P+ Ly =0 on T 1)
0x ay -

ap  9p -

P+ 22, —S(p)  on Ty (22)

0x ay -~

where Q r 1s the domain enclosed within the truncating surface '
and S is the Dirichlet-to-Neumann (DtN) map (see Ref. 18) that
renders Eqs. (10-12) and Eqgs. (20-22) equivalent. To solve this

problem numerically, we constructan equivalentweak formulation:
Find p € V= H'(Qp), such that

Yw eV
(23)

(Vw, Vp) =k w, p) = w, S(p)r, = (Vw, V- 1),

Itis easy to see that the Euler—Lagrange equations implied by this
equation are Eqgs. (20-22).

We use the finite element method to approximate Eq. (23). To
solvetheresultingsystemoflinearequationsefficiently,and to avoid
the penalties associated with the nonlocality of the DIN map, we
use the quasi-minimalresidual algorithm of Freund and Nachtigal'®
with a symmetric successive overrelaxation preconditioner,in con-
junction with the efficient matrix—vector algorithms 2

Trailing-Edge Noise for a Model Source

In this section, we calculate the far-field acoustic pressure gener-
ated by a model quadrupole source placed near the trailing edge of
an airfoil. The same airfoil is used in the following section to de-
termine the noise generated by a turbulent flow. As describedin the
preceding section, this pressure is obtained first by solving Eq. (23)
for p, and then using Eq. (19) to obtain p. The airfoil chosen is the
Eppler 387 at 2-deg angle of attack. The units of length are chosen
such that the chord length is unity. The airfoil is assumed infinite in
the spanwise direction.

The goals of this study are to validate our approachagainstanalyt-
ical solutions, to illustrate the effect of airfoil geometry on far-field
pressure, and to determine the far-field pressure directivity over a
range of frequencies. For this purpose, we use a simplified repre-
sentation for Lighthill’s turbulence tensor. In particular, 7}, and 75,
are assumed to be the only nonzero components and are given by

Ti2(x) = Ty (x) = LH(a — |x — Ro[)8(z — 0) (24)

Thus, the acoustic sources are 1-2 and 2—1 quadrupoledistributions
that are nonzero over a circle of radius a centered around the point
R,. The vector R, represents the displacement of the sources from
the trailing edge. In the presentexample, we have chosena =0.001
and R, = [0, 0.008, 0]”. The mesh consistsof 111,416 linear trian-
gular finite elements and 55,708 nodes.

‘We have computed noise generated by this source distribution at
several frequencies. For these calculations the ratio of the chord to
the acoustic wavelength (L /1) is between é and 4. We have com-
pared our far-field numerical solution with two analytical solutions.
In the short-chord limit L < A, the analytical solution is obtained
using Curle’s formulation’! and is given by

ik ekt
ﬁ(f,6,0)=l—e_ cos@/pcnxdl“—}—sinQ/pcnvdF
47 7 r r g

(25)

where pe(r, 0) = p(r, 0, y = £k) representsthe incompressible so-
lution to the original problem evaluated at k, = 0. In the long-chord
limit L >> A, the analytical solution is due to Ffowcs Williams and
Hall 3 In this case the airfoilis approximatedby a semi-infinite plate,
and the far-field acoustic pressure is given by

1 ; k 1793 9
+i ke sin — (26)

FF.0,0) = _
20m)3 KIRD? T 2

In Figs. 1-5, we show results for the model problem. Figures 1a—
5a represent the near-field value of the real component of p. These
figures provide insight into the influence of the structure in deter-
mining the far-field pressure. The imaginary part of the field is not
shown because it is similar to the real part. Figures 1b—5b are polar
plots of the absolute value of the pressure at a radius of 30 chord
lengths from the trailing edge on the z =0 plane, as a function of
0, that is, | p(30, 6, 0)| vs 6. To quantify the effect of the airfoil on
the far-field noise, we have also shown the pressure induced by the
quadrupole source in free space (denoted by p;) and the difference
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a) Real part of the near-field pressure

90

Scattered
ield
\ 30

270
b) Components of the far-field pressure

90 N

Num'erlcal 120
solution .

30
180 ccvvnee ...........

/330

Semi-infinite plate

Curle's solution 5
’ solution

2710/
¢) Comparison of the far-field pressures

Fig.1 Solution to the model problem for L/\ = %.

(denotedby ps = p — p;). If we were to look at the airfoil as a scat-
terer, then p; representsthe incident pressure and pg represents the
scattered pressure. In Figs. 1c-5c, we have compared the absolute
value of the far-field pressure obtained from our calculation with
the pressures obtained using Eqgs. (25) and (26). These comparisons
have also been made as a function of 0, for z= 0, at a radius of 30
chord lengths from the trailing edge.

InFig. 1 we presentresultsfor L /A = é . For this case, the acoustic
wavelength is much greater than the chord length, and the solution
resembles a dipole oriented along the chord of the airfoil. This is
clearly seen in Fig. 1a. We observe a region of negative pressure
fluctuation above the airfoil (indicated by the dark tone) and a re-
gion of positive pressure fluctuation below the airfoil (indicated by

a) Real part of the near-field pressure

90

Total :
field 240

270
b) Components of the far-field pressure

Semi-infinite plate 90
solution

Numerical
solution

150/° AW \(30

/330

Curle's

solution 949 300

270
¢) Comparison of the far-field pressures

Fig.2 Solution to the model problem for L/ = %.

the light tone). This situation is reversed for the imaginary com-
ponent of the solution (not shown). An analysis of Fig. 1b reveals
that the incident pressure, which represents the noise generated by
the quadrupole in free space, is very small when compared with
the total or the scattered acoustic pressure. In fact, the incident
pressure field is so small that it cannotbe seen in Fig. 1b. As aresult,
the total acoustic field is dominated by the scattered field, and the
two are indistinguishablein Fig. 1b. In Fig. 1c, a comparison of the
numerical solution with the two analyticalestimates reveals that, for
this value of L /A, Curle’s solution is very accurate and the semi-
infinite plate solution is inaccurate, as might be anticipated.

In Fig. 2, we present results for L /A = i. As for the preceding
case, we observe that the total solution resembles a dipole oriented
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a) Real part of the near-field pressure

90

Total |5
field g

60

150 30

180--cvvvo o ...........

210\ - : /330

Scattered

field 240 300

270
b) Components of the far-field pressure

90

60
Semi-infinite plate :
solution

/330
Numerical

solution 00 Curle's solution

270
¢) Comparison of the far-field pressures

Fig.3 Solution to the model problem for L/ = %

along the chord of the airfoil and is completely dominated by the
scattered component of the pressure (Figs. 2a and 2b). However,
a comparison of the solution with Curle’s solution shows that, al-
though the directivity patterns match fairly well, there is greater dis-
crepancy in the magnitude when compared with the preceding case.

In Fig. 3, we show resultsfor L /A = % For this case, the acoustic
wavelength and the chord length are comparable, and the solution
changes significantly from the earlier two cases. On examining the
real part of the solution near the airfoil (Fig. 3a), we observe that the
directionscorrespondingto large pressure fluctuationsare no longer
perpendicularto the axis of the airfoil. They aretilted by about 30 deg
toward the leading edge. This is also borne out by the directivity

a) Real part of the near-field pressure

90

60

120
Total Field .~

/330

Incident

Scattered \_- - el
Field 240 300  Field
270
b) Components of the far-field pressure
2 90 N

,

S 120
Semi-infinite plate
solution

7330

Numerical
solution

Curle's

. : solution
AY

N, 270 s
¢) Comparison of the far-field pressures

Fig.4 Solution to the model problem for L/\ = %

plot in Fig. 3b. In Fig. 3b, we observe again that for this case the
major component of the far-field noise is the scattered pressure.
The comparison in Fig. 3c reveals that the numerical solution is
significantly different than both the Curle and the semi-infinite plate
solutions.

Figure 4 contains results for L /A= % For this case, the wave-
length is small when compared with the computational domain so
that the wavelike behavior of the solution is clear (Fig. 4a). We
observe that the solution consists of two wave trains that are out
of phase and are generated on opposite sides of the trailing edge.
These waves travel along the surface of the airfoil until they arrive
at the leading edge, where they are diffracted. Also, at this point,
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a) Real part of the near-field pressure

90

Incident
field

Scattered 129
field

270
i 90

Semi-infinite *
plate solution

0
Curle's
solution

Numerical 240 : 300 !
solution 270 i
¢) Comparison of the far-field pressures

Fig.5 Solution to the model problem for L/ = %.

a destructive interference leads to no noise being propagated in the
upstreamdirection. The diffracted waves then travel in the upstream
direction on the surface opposite to where they were generated. The
interaction of these waves with the primary waves leads to the in-
terference patterns seen in Fig. 4a. Once the diffracted waves arrive
at the trailing edge, they are diffracted once again and so on. The
numerical solutionaccounts for these repeated diffractions. The far-
field directivity pattern is shown in Fig. 4b. In Fig. 4b, we observe
for the first time that the incident field is large enough that there
is a discernible difference between the scattered and the total field.
However, itis still small when compared to the total field. A compar-
ison with the analytical solutions (Fig. 4c) reveals that the numerical
solution is very different from Curle’s solution, which is to be ex-

pected because L > A for this case. However, it bears resemblance
to the semi-infinite plate solution except in the following ways:

1) The numerical solution contains lobes formed by the interfer-
ence of primary and secondary diffracted waves as described earlier.

2) The noise transmitted in the upstream direction is very small.

These features in the numerical solution are due to the finiteness
of the chord, which is not taken into account in the semi-infinite
plate solution.

Finally, in Fig. 5, we presentresults for L /A = %. In this case, the
solution is qualitatively similar to the preceding case. The notable
differences are as follows:

1) The relative contribution from the incident field is greater.
In Fig. 5b, we observe the quadrupole directivity associated with
it. This increase in the contribution from the incident field can be
understood by examining the results of Crighton and Leppington,
where it is shown that for a quadrupole source placed close to the
trailing edge, the ratio of the scattered to the incident field varies
as (k|Ro|)~*/%. Thus, for |Ry| fixed, increasing k (or reducing )
reduces this quantity, thereby increasing the contribution from the
incident field.

2) The direction of maximum noise shifts closer to the leading
edge.

3) The directivity patternis more asymmetric about the axis of the
airfoil because the wavelength is now comparable to the thickness
of the airfoil. The airfoil is asymmetric, and the thicknessrepresents
the order of asymmetry.

Remark: Recently, Howe'? presented analytical results for the
far-field pressure distribution associated with an airfoil of arbitrary
chord. In his work he derived a composite Green’s function valid for
all values of L/X by combining an approximate Green’s function
valid for L > A with another valid for L < A. Note that our far-field
directivities match his results remarkably well. Also, because we
make no geometrical approximations, we believe that by perform-
ing a systematic study using our formulation the accuracy of the
approximate Green’s function proposed in Ref. 12 can be verified.

Trailing-Edge Noise from Turbulent Flow

In this section, we evaluate the far-field noise generated by tur-
bulent flow over an Eppler 387 airfoil at an angle of attack of 2 deg.
The Reynoldsnumberbased on freestream velocity and chordlength
is 1 x 10°. Noise is computed by solving two problems: First, the
incompressible Navier—Stokes equations are integrated in time to
evaluate Lighthill’s turbulence tensor. Second, the acoustic prob-
lem is solved to calculate the far-field pressure.

Fluid Calculation

In this calculation, the incompressible Navier-Stokes equa-
tions (1) and (2) are solved to evaluate Lighthill’s turbulence ten-
sor. For the Reynolds number considered (1 x 10° based on the
chord length and freestream velocity), we expect the flow to be tur-
bulent at least over some part of the airfoil. We chose to model
turbulence using LES. We prefer LES over techniques based on
Reynolds averaged Navier-Stokes equations because we are inter-
ested in the time-dependent fluctuations of Lighthill’s turbulence
tensor and not a time-averaged response. To model the effect of the
subgrid scales, we employ the dynamic Smagorinsky eddy viscos-
ity model of Germano et al.?? To construct the two velocity scales
required to determine the eddy viscosity within this framework, we
use the generalized top-hat filter.?* For a detailed description of the
dynamic Smagorinsky model see Refs. 24 and 25, and for the appli-
cation of this model to unstructured meshes see Refs. 26 and 27. In
what follows, we briefly describe the results of the fluid calculation.
The details of this calculation may be found in Ref. 28.

Preliminaries

We solve the spatially filtered form of the incompressible Navier—
Stokes equations. In these equations the unbounded do-
main  is replaced by a truncated computational domain
Qy=[-3,2] x[-2, 2] x [-0.04, 0.04] N Q. Recall that the x and
z coordinates represent the streamwise and spanwise directions,
respectively, and that the chord length of the airfoil is chosen
to be unity.
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Fig.6 Spanwise cut showing the unstructured mesh.

Boundaryconditionsfor the LES calculationare as follows: At the
inlet (x = —3), we impose a freestream boundary condition, that is,
U=y and v =w = 0. On top and bottom surfaces (y = -2, 2), we
impose zero velocity, thatis, u = v =w = 0. Atthe outlet(x =2), we
imposea zero-tractionboundary condition. On the surface of the air-
foil, we impose a no-slipboundary condition, thatis, u =v=w =0.
On the faces perpendicular to the spanwise direction (z =—0.04
and 0.04), we impose periodic boundary conditions. The periodic
boundary conditions imply that there is homogeneity in the span-
wise direction and that we are effectively modeling an airfoil that
is infinite in the spanwise direction. Another consequence of this
boundary condition is that all components of Lighthill’s tensor are
periodic in the z direction. As a result, the contribution from com-
ponents of the tensor involving a spanwise derivative, namely, 73,
Ts1, Tys, Ts,, and Tx;, is zero. Thus, the source term in Eq. (23) for
y =01is given by

(Vw,V~f)=/w.[f},.j(x,y,O)dsz, i,j=1,2 (27)
Q
where
R 0.04 B
nj(x,y,0)=/ Tj(x,y,z)dz (28)
—0.04

The fluid mesh consists of 2.6 x 10° tetrahedral elements and
618,746nodes. It is unstructuredwith relative coarseningin all three
directionsaway from the leading edge and regions of turbulentflow.
These regions are known a priori from previous experimental and
computational studies.?*3° In particular, we expect the flow to be
turbulent in a region over the upper surface, beginning at approxi-
mately 20% of the chord length from the trailing edge and extend-
ing in the downstream direction into the wake. With this in mind,
we have used 61 mesh points on the lower surface and 240 mesh
points on the upper surface. Most of the points are clustered near the
leading edge and the trailing edge. In the turbulent boundary-layer

region, we have used 65 grid points in the wall-normal direction
placed according to a hyperbolictangent function. The thickness of
the boundary layer is approximately 0.06 units. This estimate was
obtained from Refs. 31 and 32. In the spanwise direction, we have
used 17 points in the turbulent boundary layer and wake regions.
This number is reduced in other parts of the domain. In Fig. 6, we
have shown the mesh along a cut near the trailing edge. In Fig. 6,
mesh refinement near the leading edge, the trailing edge, and in the
wake regions may be seen.

The mesh parameters can be expressed in the wall units once
the simulation is complete. For our calculation, in the turbulent
boundary-layer regions, they are Ax™ ~10, 0.7 < An* < 10, and
Azt ~20,where x, n, and z are the streamwise, the wall-normal,and
the spanwise directions, respectively. Furthermore, the plus length
scale is related to the physical length scale by way of the relation
1" =1u,)/(1t/pso), where (u,) is the span- and time-averagedvalue
of the skin-friction velocity u,. All mesh parameters are within the
accepted range for LES calculations (for example, Ref. 33).

Computational Results

The LES calculation was performed on eight 195-MHz proces-
sors of an Origin 2000 computer. The initial condition for the three-
dimensional problem was obtained from a two-dimensional calcu-
lation at the same Reynolds number. The two-dimensional solution
displayed periodic vortex sheddingand a long, relatively undamped
vortex street. In the three-dimensional calculation, these large vor-
tices were replaced by smaller eddies and a turbulentboundarylayer
near the trailing edge. Specifically, on the upper surface of the air-
foil, immediately after the leading edge, there is a region where the
flow accelerates and then detaches at about 40% of the chord from
the leading edge. Large vortices are created in the primary sepa-
rated region, which extends to about 15% of the chord beyond the
separation point. In the rest of the separationregion, these vortices
break down, and the flow transitions to turbulence. The flow reat-
taches at about 80% of the chord from the leading edge. Thereafter,
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Tablel Comparison of computed and experimental
values? of the separation and reattachment points

Separation Reattachment
Method point (x/C) point (x/C)
Computed 0.42 0.84
Experiment 0.40 0.79

Fig.7 Snapshot of streamwise velocity on the z=0 plane.

Fig.8 Snapshot of spanwise vorticity on the z =0 plane.

a turbulentboundary layer is observed leading to a wake thatis also
turbulent. Over the lower surface of the airfoil, the flow is laminar
and remains attached throughout. These features of the flow can be
seen in the snapshots of streamwise velocity and spanwise vorticity
(Figs. 7 and 8, respectively) on the z = 0 plane.

The statistics for the turbulentsolutiontook about 1000 time steps
to converge. This correspondsto about4.5 flow-throughtimes based
on the chord length. Thereafter, we solved the flow equations for an
additional 900 time steps during which values of velocitiesand pres-
sure were recorded. These were used to constructthe components of
Lighthill’s turbulencetensor and for comparisons with experimental
results.

In Table 1, we have compared time- and span-averaged values of
the separationand reattachmentpoints obtainedfromour calculation
with experimental results. 2 Although the agreementis quite good,
the computed values are somewhat offset toward the downstream
direction. This slight discrepancy can be ascribed to the inability
of the computational scheme to resolve the early instability waves
and also to the relatively small spanwise length used in our simula-
tion. (See Ref. 28 for a detailed discussion.) Figure 9 is the plot of
C,=({P) — Pxo)/(pott’ /2) for this problem. The solid line rep-
resents values from the calculation and the symbols represent the
experimental data.?’ The agreement s excellent. By examining the
pressure distributionin the region close to the trailing edge, we ob-
serve that the turbulent boundary layer develops under an adverse
pressure gradient.

Acoustic Calculation

In this calculation, we determine the far-field acoustic pressure
for the flow described in the preceding section. The source terms
that appear in the acoustic problem are components of Lighthill’s
tensor and are given by Eq. (6). For the problem considered, most
sources are located in the turbulent region of the flow. This region

—1.0 : : .
-05 -
o
Te0 W
0.5
1.0 - .
0.0 0.2 0.4 0.6 0.8 1.0
*/L
Fig.9 Average pressure coefficient around the airfoil: —, computed

and ©, experimental data.?’

begins at about 15% of the chord length from the trailing edge
in the upstream direction and extends well into the wake in the
downstream direction. Based on this observation and the results of
the model problem, we expect the trailing edge to play an important
role in determining the sound radiated to the far field.

Preliminaries

The velocity field obtained from the fluid calculation was used
to construct Lighthill’s turbulence tensor. For this purpose, veloc-
ity data were collected for 900 time steps after statistical steady
state was achieved. From these data, eight time series, each com-
prising 200 time steps, were constructed. These sets contained
the values of turbulence tensor from time step (i —1) x 100 to
(i —1) x 1004200, fori=1,...,8. The components of the tur-
bulence tensor were multiplied with a Hanning window function to
make them periodic in that time interval. Thereafter, the turbulence
tensor was transformed to the frequency domain by performing a
discrete Fourier transform. For each time series, contributions from
the 18 lowest harmonics were analyzed. The Mach number for the
problem was chosen to be 0.1. The nondimensional circular fre-
quency  (nondimensionalized by u,,/L) was in the range from
8.4 to 150.8, and the ratio L/A was in the range from 0.13 to 2.4.
Thus, the acoustic wavelength varied from being much larger than
the chord length to much smaller. The acoustic mesh used was the
same as for the earlier example.

Remark: 'Wehave used more thanone time series in our analysis
because the acoustic problem is driven by turbulent sources, and,
therefore, we expect significant variations in the computed acoustic
pressure at a given frequency, from one realization (200-step time
series) to another. Furthermore, the phase of the acoustic pressure
will be random, and in the limit of an infinite number of realizations
its average will tend zero. As a result, the prime quantity of interest
is the average value (over all of the realizations) of the absolute
value of pressure at a given spatial location and frequency.

Computational Results

InFigs. 10-14, we have plotted the absolute value of the scattered
pressure on the z=0 plane, at a fixed radius of 30 chord lengths,
as a function of the polar angle 6. These are the directivity plots
on this plane. As before, the scattered pressure is obtained from
the total pressure by subtracting the incident pressure, which is the
pressuregeneratedby turbulencein free space, thatis, with the airfoil
removed. We have chosen to examine the directivity of the scattered
pressure as opposed to the total pressure for the following reasons:

1) The incident pressure has no preferred direction associated
with it; thus, the scattered pressure represents the component of the
total solution exhibiting directional dependence.

2) For most frequencies considered, the scattered pressure is the
major component of the total field.

In each of Figs. 10-14, the dotted lines represent results from a
single realization and the solid line represents the average. For the
lowest frequencies(Fig. 10), the scattered field looks very much like
a dipole oriented along the axis of the airfoil. This is to be expected



2214 OBERAI, ROKNALDIN, AND HUGHES

0.0003

0000225

150
180 [ e foeees

210 ; .': \ VA 330

270

Fig. 10 Far-field pressure directivity for the turbulent flow problem:
w=8.4and L/X=0.13.
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Fig. 11 Far-field pressure directivity for the turbulent flow problem:
w=33.5and L/A\=0.53.

becausefor L /1 < 1 Curle’s formulationindicates that, irrespective
of the shape of the scatterer, the far-field solution will be in the form
of a dipole.

For higher values of w (Fig. 11), the direction of maximum noise
shifts toward the leading edge, and the directivity begins to depart
from the form of a dipole. These values correspond to cases where
the short-chordhypothesismade in Curle’s formulationis no longer
valid.

When L/ > 0.6 (Fig. 12), in addition to the shift of the direction
of maximum noise toward the leading edge, we observe the appear-
ance of secondary lobes in the directivity patterns. As described
earlier, these lobes are a result of the interference between primary
scattered waves generated at the trailing edge and the secondary
scattered waves scattered by the leading edge.

For higher values of w (Fig. 13), the solution tends toward the
sin(f/2) directivity pattern associated with the diffraction of the
field generatedby a quadrupolesourceplacedcloseto a semi-infinite

T 270

Fig. 12 Far-field pressure directivity for the turbulent flow problem:
w=50.3 and L/A =0.80.

.90
: - 6e-005

180

270

Fig. 13 Far-field pressure directivity for the turbulent flow problem:
w=92.1and L/\ =1.46.

rigid plate; compare Eq. (26). However, there are two significant
differences,namely, the lobes and a low value of intensity for6 = .
These can be ascribed to the finiteness of the chord, as explained in
the preceding section.

For higher frequencies (Fig. 14), the far-field patternis somewhat
different from that for diffraction of a quadrupolesource by either a
finite chord airfoil or a semi-infinite plate. (See Fig. 4c for the direc-
tivity associated with these cases.) The solution in Fig. 14 appears
to have other contributions. This may be understood as follows:
In addition to the trailing-edge noise due to diffraction, the scat-
tered field (ps) contains contributions from the specular reflection
of quadrupoles by the airfoil surface. That is,

Ps = Pr+ Pp (29)

where pg is the pressure due to reflection and pp is the pressure
due to diffraction. In the high-frequency limit, the reflected field is
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simply the noise due to image quadrupolesources placed below the
airfoil; hence,

[Prl/IPil = O1) (30

where p; is the incident pressure. In the same limit we have
|Pol/ 1511 ~ O[ (kIR %] (3D

(for example, see Ref. 9). From Eqgs. (30) and (31) we have
|Pol/ 1Bl ~ O kIR ) %] (32)

In our case, |Ry| is fixed as a function of w; however, as k = oM
increases, the scattered noise component due to the diffraction de-

180

270"

Fig. 14 Far-field pressure directivity for the turbulent flow problem:
w=142.4and L/X=2.26.

10°r .

creases when compared with the componentdue to reflection. This
leads to a directivity pattern that departs from sin(6 /2). This expla-
nation is consistent with the observationthat even for high frequen-
cies the amplitude of the scattered field along the axis of the airfoil
is very small because both the diffracted and reflected contributions
vanish along this direction.

Finally, in Fig. 15 we have plotted p, the average (over eight
realizationsand over 6) of the absolute value of pressure,on a circle
on the z =0 plane at a radius of 30 chord lengths from the trailing
edge, that is, p is given by

1 2
p= <<—/ |5(30cos6, 3051n6,0)|d6>> (33)
2 J,

where ((-)) denotes average over eight realizations. In Fig. 15, we
have plotted both the scattered and the total values of pressure as a
function of the nondimensional frequency w. We observe that there
is a peak in the far-field noise at w ~ 15. This value is close to the
vortex shedding frequency. We also observe that with increasing
frequency the total and the scattered values diverge. As explainedin
the preceding paragraph, this may be ascribed to the weakening of
the diffraction component of the trailing-edge noise source relative
to the incidentfield.

Conclusions

‘We have applied the variational formulation of Lighthill’s acous-
tic analogy (see Ref. 1) to the trailing-edge noise problem. We have
considered two problems:

1) In the first problem we determined the acoustic field generated
by a simple quadrupole source placed close to the trailing edge of a
finite-chord Eppler airfoil. We made two observations:

a) Over the frequency range considered, the scattered com-
ponent of the far-field acoustic pressure is much greater than the
incident component. This observation highlights the role of the air-
foil in amplifying the noise radiated to the far-field.

b) Inthelow-frequencyregime, the far-field pressuredirectivity
resembles that for a dipole, and the results are in good agreement
with Curle’s formulation. In the high-frequencyregime, the results
exhibit features in common with a semi-infinite plate solution, but
differences exist that may be ascribed to finiteness of the chord.
We also studied the transition of the directivity from low to high
frequencies.

10 '+

10° R

10° 10’

10°

Fig. 15 Absolute value of the integrated far-field acoustic intensity vs w for the turbulent flow problem.
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2) In the second problem, for the same airfoil, we computed the
far-field acoustic pressure generated by a turbulent flow. To de-
termine the acoustic sources, we performed an LES using the dy-
namic Smagorinsky eddy viscosity model. We found that the ma-
jor sources of noise are concentrated in the turbulent region near
the trailing edge. Acoustic calculations revealed that, in the low- to
midfrequencyrange, the far-field noise is dominated by the scattered
field component and the directivity is consistent with that obtained
for the model problem. In the high-frequencyregime, the scattered
field associated with the diffraction of the quadrupole noise weak-
ens, and the incident component, that is, the noise generated by the
same turbulence in free space, is found to be comparable to the
scattered noise.

Based on ourresults, we conclude that the variationalapproxima-
tion of Lighthill’s acoustic analogy in conjunction with LES can be
used successfullyto computenoise generatedby low-Mach-number,
turbulent flows. In future works, we plan to use this methodologyto
solve the trailing-edge noise problem for flexible airfoils and other
challenging problems in aeroacoustics.
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